Abstract. Let (A, G, δ) be a cosystem and (A, G, α) be a dynamical system. We examine the extent to which induction and restriction of ideals commute, generalizing some of the results of Gootman and Lazar (1989) to full crossed products by non-amenable groups. We obtain short, new proofs of Katayama and Imai-Takai duality, the faithfulness of the induced regular representation for full coactions and actions by amenable groups. We also give a short proof that the space of dual-invariant ideals in the crossed product is homeomorphic to the space of invariant ideals in the algebra, and give conditions under which the restriction mapping is open.
Introduction
Let a locally compact group G coact, or act, on a C * -algebra A and denote the full crossed product by A × G. There are three well known maps between the ideal spaces of A and A × G. Every ideal I of A generates an ideal in A × G, denoted by Ext(I). Every representation of A × G restricts to a representation of A; this is well-defined on ideals, so for an ideal K in A × G we obtain the ideal Res(K) in A. A representation of A can be induced to a representation of A × G and it turns out that this gives a well-defined process on ideals, so for an ideal I in A, there is an ideal Ind(I) in A × G.
In §2, we examine the extent to which the maps Res and Ind commute. Our results generalize some of the results of Gootman and Lazar [1] to full crossed products by coactions and actions of non-amenable groups. From these results we obtain the following corollaries. We give a short, self-contained proof of the faithfulness of the induced regular representation for full coactions [10, Corollary 2.7] (Corollary 2.4). It is suprising to find such a simple proof of Quigg's result, since the proofs in [10, Corollary 2.7] and [12, Theorem 4.1 (2) ] seem quite deep. We give a short proof of the analogous result for full crossed products by actions of amenable groups. Also we provide short, elegant proofs of both Katayama and Imai-Takai duality for full crossed products [5, Theorem 4] , [3, Theorem 3.6] , [11, Theorem 6] (Corollaries 2.6 and 2.12).
In §3 we give key properties of the maps Res, Ext and Ind for both coactions and actions. In particular, we show that the dual-invariant ideals of A × G are exactly the ideals induced from A (Propositions 3.1(iv) and 3.3(iii)). In the coaction case,
Definitions
Throughout A is a C * -algebra and G is a locally compact group. We denote the full group C * -algebra by C * (G) with canonical embedding i G , and C 0 (G) is the continuous functions on G disappearing at infinity. All representations σ are nondegenerate, tensor products ⊗ are minimal, and identity maps are denoted by id. Given a nondegenerate homomorphism φ into the multiplier algebra M (C), there is nondegenerate homomorphism φ ⊗ id : A ⊗ B → M (C ⊗ B). Let I(A) denote the space of closed ideals of A, with the topology which has subbasic open sets of the form O J = {I : I ⊇ J}, where J is a closed ideal in A. The relative topology on the space of primitive ideals Prim A in I(A) is the usual hull-kernel topology.
We now recall some definitions from [9, Lemma 1.1]. Let B be a C * -algebra and ι : A → M (B) be a homomorphism. Define 
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We use the same definitions for full crossed products by coaction as in [8] (minimal tensor products and full group C * -algebras). A covariant homomorphism of a cosystem (A, G, δ) into M(B) is a pair (φ, ψ) of nondegenerate homomorphisms φ : A → M (B) and ψ :
An action α of a locally compact group G on a C * -algebra A can be considered to be a nondegenerate injection α : A → M (A ⊗ C 0 (G)) which satisfies:
Let λ and ρ be the left and right regular representations of
as multiplication operators, and define
. There are many covariance identities which are readily verified: for example,
Let (A, G, δ) be a cosystem and π : A → B(H) be a representation. Then the induced regular representation Ind δ π :
It will follow from Proposition 2.1 that invariance is independent of the choice of representation. Denote by I δ (A), the subspace of δ-invariant ideals of A with the relative topology. The dual actionδ :
Let (A, G, α) be a dynamical system and let π : A → B(H) be a representation. Then the induced regular representation
is the unique nondegenerate homomorphism arising from the covariant pair
Denote the space of α-invariant ideals of A, with the relative topology, by I α (A).
Remark 1. If π is a faithful representation of A, then π⊗M −1 •α is also faithful, and this implies that the canonical embedding k A of A into the crossed product A × α G is faithful. For coactions, however, the situation is different because faithfulness of π is not enough to ensure the faithfulness of π ⊗ λ • δ. Thus, in general, we cannot assume that the embedding
We note that the ideal ker j A is δ-invariant. To see this, take a faithful represen-
) is a covariant representation of (A, G, δ). The covariance condition says Define Ind δ : I(A) → I(A× δ G) by Ind δ (ker π) = ker(Ind δ π), where Ind δ π is the induced regular representation. It will follow from our first proposition that Ind δ is well-defined on ideals. Define Ind α : I(A) → I(A × α G) similarly. Now define
Restriction and induction of ideals
, and
One can check using standard covariance relations that (
is covariant forδ, and that
is a well-defined surjection. Let h be the homeomorphism h :
The following diagram is a useful summary of the maps involved.
In this section we examine the extent to which this diagram commutes. Our results are analagous to Gootman and Lazar, which are for spatial crossed products by coaction (compare [1, Corollary 2.12, Theorem 2.9, Corollary 2.10]). Our techniques lead to new self-contained proofs of the faithfulness of the induced regular representation for full coactions, the faithfulness of the induced regular representation for actions by amenable groups, and both Katayama and Imai-Takai duality. Proof. Using the definitions:
Remark 2. It follows from this proposition that Ind δ is well-defined. It is continuous, and containment preserving, since all Res maps have these properties ( §1).
Proposition 2.2.
Let (A, G, δ) be a cosystem and K be an ideal in A × δ G. Then
On the generators, (π ⊗ id) • φ does the following:
. We want to know that Indδ σ has the same kernel as (π ⊗ id) • φ. We claim that
where S is the operator in B(L 2 (G)) such that S(ξ)(t) = ξ(t −1 ). Using the covariance of (π, µ) we obtain Ad(µ ⊗ λ(
Since the image of λ commutes with the image of ρ we have: 
Corollary 2.6 (Katayama Duality)
. Let (A, G, δ) be a normal cosystem. Define
is a surjection, which defines an injection on the reduced crossed product (A × δ G) ×δ ,r G.
Proof. Since (A, G, δ) is normal, ker j A = 0 is invariant and Corollary 2.5 implies Indδ Ind δ (0) = ker φ. By Corollary 2.4, Ind δ (0) = 0 and so ker φ is equal to the kernel of the regular representation.
Remark 5. One can verify that φ intertwines the double dual coactionδ of G on
It follows from Corollary 2.6 and
We now state the analagous results for the case of crossed products by actions. There is no need to repeat the arguments, since they are very similar (that's the whole point of our approach). The comparable results of Gootman and Lazar for reduced crossed products by actions are [1, Corollary 2.7, Theorem 2.4, Corollary 2.5]. Let (A, G, α) be a dynamical system, and define
One can show that (j A , j G ) is covariant for α, (j A × j G , j C0(G) ) is covariant forα, and that ψ : Proof. The key equation to check is Ad(
Corollary 2.9. Let (A, G, α) be a dynamical system and K an ideal in A × α G.
Corollary 2.10. Let (A, G, α) be a dynamical system and I be an α-invariant ideal in A. Then Indα Ind α (I) = Res ψ •h(I).
Corollary 2.11. Let (A, G, α) be a dynamical system, G be an amenable group and π : A → B(H) be a faithful representation of A. Then the induced representation
Proof. Let l A×G denote the embedding of A × α G into the double crossed product A× α G×αG, so ker(l A×G ) is anα-invariant ideal. Since G is amenable, the cosystem (A × α G, G,α) is normal, which means ker(l A×G ) = 0 and 0 is anα-invariant ideal of A × α G. Thus by Corollary 2.9,
So if π is a faithful representation of A, then Ind α π is a faithful representation. Proof. Since 0 is an invariant ideal of A, Indα Ind α (0) = ker ψ (Corollary 2.10), and Indα(K) = 0 if K ⊆ ker(j A×αG ) (Corollary 2.4), it is enough to show that Ind α (0) ⊆ ker(j A×αG ). Because Ind α preserves containment, Ind α (0) is contained in Ind α Res α (ker(j A×αG )), and using the fact that ker(j A×αG ) isα-invariant, from Corollary 2.9 we deduce Ind α (0) ⊆ Ind α Res α (ker(j A×αG )) = Resα Indα(ker j A×αG ) = ker j A×αG .
Invariant ideals
The definition of δ-invariance used in this paper is different than that used in [8] . In that paper we needed to restrict a coaction to give a coaction on an ideal. It turns out that the condition required for this is different from that required to ensure there is a coaction on the quotient. However, there is a coaction on the quotient by a δ-invariant ideal by the following argument. If I ∈ I δ (A), that means I = Res δ Ind δ (I), which implies I is in the image of Res δ . Thus there exists a covariant pair (π, µ) such that ker π = I. The covariance relation says π ⊗ id(δ(a)) = µ ⊗ id(w G ) π(a) ⊗ 1 µ ⊗ id(w
